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If  T  Is  a  bounded  linear  transformation  of  a  Hilbert  space 
C/^  Into  Itself,  two  fundamental  problems  are   (1)   to  determine 
the  invariant  subspaces  for  T  ,   and   (2)   to  use  them  to  recon- 
struct the  transformation.   If  T  has  finite  dimensional  range, 
the  spectrum  of  T  consists  of  isolated  points  and  contour 
integration  gives  a  complete  answer  to  both  problems.   If  T  is 
a  completely  continuous  transformation,  it  can  be  approximated  in 
the  operator  norm  bjr  transformations  of  finite  dimensional  range 
and  there  is  a  similar  pattern  for  invariant  subspaces.   The 
origin  is  the  only  possible  point  of  accumulation  in  the  spectrum 
of  T  .   Tlie  non-zero  spectrum  corresponds  to  eigenvalues  for  T 
or  its  adjoint  and  so  determines  invariant  subspaces.   But  the 
existence  of  invariant  subspaces  is  not  obvious  if  the  origin  is 
the  only  point  in  the  spectrvun  of  T  . 

Such  transformations  are  called  Volterra  transformations 
because  of  their  close  relationship  to  integral  transforms. 
The  existence  of  invariant  subspaces  for  Volterra  transformations 
is  due  to  von  Neumann.   The  first  proof  v:as  published  by  Aronzajn 
and  Smith  in  195^-   A  Volterra  transformation  T  adiTiits  invariant 
subspaces  JT\      in  which  the  restriction  of  T  has  arbitrarily 
small  trace  norm.   If  P  is  the  projection  of  ^   into  JTL    , 
then  invariance  is  equivalent  to  the  algebraic  condition 
PTP  =  TP  .   We  may  choose   P  so  that  t(TP)   is  arbitrarily 
small.   It  is  possible  to  choose  a  family   (P(t))   of  such 
projections  with  the  f olloviing  properties  :  the  parameter  t 
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ranges  in  some  closed  set  of  non-negative  nijinbers,  which  are 
called  regular  numbers,  as  opposed  to  singular  numbers  t  for 
which   P(t)   is  not  defined;  the  parametrization  is  increasing  in 
the  sense  that   P(s)  P(t)  =  P(s)  whenever  s  _^  t  are  regular; 
the  parametrization  is  continuous  in  the  sense  that  T  P(t) 
depends  continuously  on  t  in  the  trace  norm;  if   (s,  t)  is  any 
interval  of  singular  points  with  regular  end  points,  then 
P(s)TP(t)  =  TP(t);   furthermore  we  may  have   P(0)  =  0  ,  and  either 
P(c)  =1   for  some  regular  number  c   if  T  is  trace  finite,  or 
lim  T(P(t))  =00   as   t  — >  oo  .   V/henever  such  a  familjr  of  projec- 
tions is  chosen,  then  for  every  regular  a  >  0  , 

a 
TP(a)  =  r    P(t)(T-T*)dP(t) 
0 

with  convergence  of  Stieltjes  sums  in  the  trace  norm.  As  a  result 
of  this  integral  representation,  we  get  the  estimate 

t(T)2  <  i  t(T-T*)2 

provided  that  T  is  a  Vol terra  transformation  and  that  T-T*  is 
of  trace  class.   Tine  theorems  are  due  to  Sahnovic  in  1959-   The 
stated  formulation  is  that  of  Gohberg  and  Krein  in  the  same  year. 

These  results  may  be  summarized  broadly  by  saying  that  a 
Volterra  transfomiation  T  is  determined  by  a  knowledge  of  T-T* 
and  of  a  totally  ordered  family  of  invariant  subspaces.   Actually 
a  completely  satisfactory  theorem  exists  only  when  T-T*  is  of 
trace  class,  but  in  I961  Macaev  announced  more  general  results 


which  relax  the  hypotheses  on  T-T*  .   This  aspect  of  Volterra 
transfon^iatlons  may  therefore  be  considered  vjell  in  control  even 
though  a  small  area  for  more  work  is  left. 

For  Volterra  transformations  the  major  unsolved  problem  is 
to  determine  all  the  invariant  subspaces  from  a  knowledge  of  anj'- 
single  one-parameter  family  of  invariant  subspaces.   Otherwise 
stated  the  problem  is  to  determine  the  relationship  between  any 
two  different  integral  representations  of  the  transformation.  A 
complete  ansvrer  to  this  question  is  known  only  in  the  case  that 
T-T*  has  two  dimensional  range  and  does  not  have  ti;o  eigenvalues 
in  the  same  half-plane  y  >  0  or  y  <  0  .   Thxs  comes  from  my  ovm 
unpublished  work  on  Hilbert  spaces  of  entire  functions  and  requires 
a  delicate  estimate  of  growth  for  entire  functions  of  minimal  type 
which  are  real  on  the  real  axis.   So  far  as  I  knov;  the  Russians 
have  no  results  of  this  sort. 

Completely  continuous  transformations  are  a  special  case  of 
transformations  T  such  that  T-T*  is  completely  continuous,  and 
the  larger  class  of  transformations  is  frequently  easier  to  work 
with  for  giving  proofs.   They  v;ere  introduced  by  Livschitz  in  195^. 
and  much  of  the  theory  has  been  developed  by  Brodskii. 

If  a  transformation  T  has  the  origin  as  the  only  point  in 
its  spectrvim  and  if  T-T*  is  completely  continuous,  then  T  is 
necessarily  completely  continuous,  and  it  is  of  trace  class  if 
T-T*  is  of  trace  class.   But  in  general,  if  T-T*  is  completely 
continuous,  the  spectrum  of  T  may  contain  more  than  one  point. 
However,  all  non-real  points  in  the  spectrum  are  isolated.   If 
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(A  )   is  an  enumeration  of  the  non-real  spectrum  of  T  ,.  we  must 

have 

provided  that  T-T*  is  of  trace  class.   Non-real  points  in  the 
spectrum  of  T  are  eigenvalues  for  T  or  their  conjugates  are 
eigenvalues  for  T*  ,  and  they  correspond  to  invariant  subspaces 
for  T  . 

If  T  is  a  linear  transformation  with  real  spectrum  and  if 
(a^  b)   is  any  finite  interval^  there  are  tvio   basic  problems:   (1) 
Does  there  exist  a  non-zero  element  f  of  J^C     such  that  (T-z)'  f 
is  analytic  across   (a,  b)  ?   (2)   Is  the  set  of  all  such  elements 
f  a  closed  subspace  of  CrC     ?  Both  questions  are  easily  given  an 
affirmative  ansv/er  if  suitable  estimates  are  knovm  for  the 
resolvent  of  T  .   All  such  conditions  are  adapted  from  Chapter  8 
of  Levinson,  Gap  and  density  theorems ,   generalization  of  a  problem 
of  Polya.   They  arise  in  showing  the  existence  of  non-constant 
entire  functions  of  mlnim.al  exponential  type  bounded  on  a  sequence 
of  real  points.   More  generally,  if  V/(x)  >  1   is  a  function  of 
real  x  .  does  there  exist  a  non-constant  entire  function  P(z) 
of  minimal  exponential  type  such  that   |F(x)|  <  l/(x)   for  all  real 
X  ?  A  sufficient  condition  is  that  log  17(x)  be  uniformly 
continuous  and  that 
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(1  :-  t^)"-'-  log  V/(t)  dt  =  oo 


This  is  one  of  my  unpublished  results. 

If  T  is  a  bounded  linear  transformation  and  if  T-T*  is 
completelj^  continuous,  the  follov/ing  information  is  known  about 
invariant  subspaces.   There  exist  invariant  subspaces  JiL     such 
that  the  restriction  S  of  T  to  JK.     has  S-S*  arbitrarily 
small  in  the  trace  norm.   If  T-T*  is  of  trace  class  and  if  a 
is  any  real  number,  then  T  has  an  invariant  subspace  JI'l     such 
that  T  restricted  to  Jl^     has  its  spectrvun  in  the  half-plane 
X  >  a  and  T  restricted  to  the  orthogonal  complement  of  Jit 
has  its  spectrum  in  the  half-plane  x  _;f_  a  .   But  it  is  not  knov/n 
for  v;hat  transformations   T  ,  with  T-T*  completely  continuous, 
the  same  conclusion  can  be  drav/n.  Very  interesting  results  in 
this  direction  v;ere  announced  in  1951  by  Macaev.   They  are 
obtained  from  an  estimate  of  the  resolvent  of  T  in  terms  of  the 
spectrum  of  T-T*  .   Tine  estimate  is  stated  without  proof  and  I 
am  unable  to  derive  the  result. 

Nov;  that  the  existence  of  invariant  subspaces  has  been 
established  for  some  linear  transformations  in  Hilbert  space, 
attention  is  being  focused  on  the  problem  of  finding  all  subspaces 
The  most  promising  methods  are  the  I561  results  of  Brodskii  v/hich 
relate  the  existence  of  invariant  subspaces  to  a  factorization 
problem  for  certain  kinds  of  operator  valued  analytic  functions. 
The  results  will  be  stated  in  my  own  interpretation. 

Let  C   be  a  given  coefficient  Hilbert  space.   By  a  vector 
I  will  alvjays  mean  an  element  of  this  space.   If  b  is  a  vector, 
let  b  be  the  corresponding  linear  functional  on  vectors  so  that 
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the  inner  product  takes  the  form  <a,  b )  =  ba  for  every  vector 
a  .   By  an  operator  I  mean  a  bounded  linear  transformation  of 
vectors  into  vectors.   If  a  and  b  are  vectors  let  ab  be 
the  corresponding  operator  defined  by   (ab)c  =  a(bc)   for  every 
vector  c  .   The  adjoint  of  an  operator  A  v;ill  be  written  A  . 
Let  O  be  a  region  of  the  complex  plane  which  contains  the 
origin.   I  will  consider  Hilbert  spaces  JK   whose  elements  are 
vector  valued  analytic  functions  P(z)  in  O  .   I  will  suppose 
that  for  every  number  w  in  O  ,  the  transformation  of  ^      into 
C   defined  by  F(z)  —>■   F(w)   is  continuous.   I  will  suppose  also 
that  R(w):   F(z)  — >  [F(2)-P(w) ]/(z-w)   is  a  bounded  linear 
transformation  of  iH!  into  itself  for  every  v;  in  Q  ,  and  that 
the  following  identity  holds,  where   I  is  a  fixed  operator  such 
that  I  =  -I  =  I"-"-  : 

2TrGO)  IF(a)  =  <F,  R(f})G>  -  <R(a)F,  g)  +  (a-g)  (R(a)F,  R(i3)G) 

whenever  F(z)   and  G(2)   are  in  IK  ,  and  a  and  p  are  in 
O  .   Such  a  space  is  characterized  by  an  operator  valued  analytic 
function  M(z)  in  O  ;  which  has  value  1  at  the  origin,  and 
v;hich  has  this  property:  if 

K(w,z)  =  [M(2)  IM(w)  -  I]/[7r(z-w)]   , 

then  K(v7,z)c  belongs  to  J^      =  ^6(M)   for  every  vector  c  and 
every  w  in  Q  ,  and 

■cF(w)  =  (F(t),  K(w,t)c> 
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holds  for  every  F(2)  In    Ji^   (M)  .   The  most  general  bounded 
linear  transformation  in  a  Hllbert  space  is  unitarily  equivalent 
to  R(0)   in  J~(.W      for  some  choice  of   C  ,   I  ,  and  M(z)  . 

If  'X   (M(b))   is  a  given  Hilbert  space  of  analytic  functions 
in  O  ,  an  invariant  subspace  for  R(0)   in  ^(M(b))   is  a 
Hilbert  space  C^c^(M(a))  which  is  contained  isometrically  in 
C^^(M(b))  .   Therefore  the  problem  of  finding  invariant  subspaces 
for  linear  transformations  in  Hilbert  space  is  equivalent  to 
studying  isometric  inclusions  of  Hilbert  spaces  of  analytic 
functions . 

If  >{(M(a))   is  contained  isometrically  in  J-f.(Mi)))    ,    then 
M(b,z)  =  M(a,z)M(a,b,2 )  where  M(a,b,z)   is  an  operator  valued 
analytic  function  such  that  ^(f  (M(a,b))  is  defined,  and 
G(z)  — >    M(a,b,2)G(2)   is  a  linear  isometric  transformation  of 
.^(M(a,b))   onto  the  orthogonal  complement  of   jH'(M(a))  in 
:H{n{h))    .   Conversely,  if  M(b,z)  =  M{a,z)M(a,b,z)   is  a  factor- 
ization of  operator  valued  analytic  functions,  there  is  an  iso- 
metric inclusion  of  CH^(M(a))  in   S^i^(M(b))  provided  that  some 
additional  conditions  are  satisfied.   Therefore  the  inclusion 
problem  for  such  Hilbert  spaces  of  analytic  functions  is  equivalent 
to  a  factorization  problem,  for  certain  kinds  of  operator  valued 
analytic  functions . 

These  functions  M(z)   are  characterized  by  positive 
definiteness  of   [M(z)IM(i\r)  -  I]/(z-w)   for  z  and  w  in  O  . 
This  in  turn  is  equivalent  to  having  M(z)   of  the  form 


M(z)  =  [<l>(z)I  +  l]/[<)(z)I  -  1] 

in  O  ,  v/here   ^:(z)   is  an  operator  valued  analytic  function  for 
y  >  0  and  for  y  <  0  ,  v;hich  satisfies  the  inequality 
[*(z)  -  "o(2)]/(z-'z)  _>  0  .   Brodskii  understands  the  relationship 
between  invariant  subspaces  and  factorization,  but  he  has  yet  to 
discover  the  intermediate  spaces  of  analj'-tic  functions. 

In  closing  I  vjould  like  to  say  that  boundedness  for  T  is 
Inessential  as  observed  by  Sekanovskii,  and  this  fact  is  useful 
in  the  follovjing  applications.   Let  VJ(x)  >  0  be  a  differentiable 
f\mction  of  real  x  such  that  W'(x)/W(x)   is  bounded.   Let  ^-i 
be  the  Hilbert  space  of  functions  P(x)   such  that 


llFll  '^  =     [     |P(t)/W(t)rdt  <  00 


OO 


and  let  H  =  -iD  where  D  is  differentiation  in  J-^  .   Then  H-H* 
is  bounded.   The  problem  is  to  determine  the  invariant  subspaces 
for  H  ,  or  for  the  resolvent  transformations  if  H  is  unbounded. 
If 
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(1  +  X^)'^   log  W(t)  dt  <  00 


then  the  entire  functions  of  a  given  type  a  which  belong  to  '^-C 
are  a  closed  subspace  TfC  =  J'd.-   (a)  which  is  invariant  under 
H  ,  and  frequently  the  restriction  T  of  H  to  this  subspace 
has  the  property  that  T-T*  is  completely  continuous.   Once 
complete  continuity  is  established,  Russian  results  in  Hilbert 
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space  yield  interesting  theorems  in  function  theory.   I  vjill 
mention  only  a  theorem  of  Beurling  and  Malliavin  from  the 
Stanford  Conference  last  summer,  that  jTt  (a)  contains  a  non- 
zero element  for  every  positive  a  ,  no  matter  how  small.   It  is 
interesting  to  compare  their  proof,  v;hich  depends  on  potential 
theory,  with  the  present  one  which  uses  purely  Hilbert  space 
methods. 
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